Condensate-induced transitions and critical spin chains 
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We show that the framework of condensate-induced transitions between two-dimensional topolog- 
ical phases can be used to relate one-dimensional spin models at their critical points. In particular, 
we show that two well-known spin chains, namely the XY chain and the transverse field Ising chain 
with only next-nearest-neighbor interactions, differ at their critical points only by a boundary term 
and can be related via an exact mapping. The boundary term constrains the symmetry sectors of 
the transverse field Ising chain, reducing the number of primary fields in the conformal field theory 
that describes its critical behavior. We argue that the reduction of the field content is equivalent to 
the confinement of a set of primary fields, in analogy to the confinement of quasiparticles resulting 
from a condensation of a boson in a topological phase. To provide evidence for the generality of 
the framework we apply it to the XY chain with only next-nearest-neighbor interactions. In the 
presence of a confining boundary term, this XY chain can be mapped to a spin chain with the 
^(1)2 X m(1)2 critical behavior predicted by the condensation framework. 



An essential characteristic of topologically ordered 
phases is the absence of local order parameters T . While 
this property ensures a degree of stability, which is of 
potential benefit in quantum information technologies, it 
also makes it necessary to develop new approaches for 
the study of phase transitions in these systems. As the 
low-energy degrees of freedom are anyonic quasiparticles 
specific to a particular topological phase, it should be 
possible to understand transitions between the phases in 
terms of their collective behavior. One successful frame- 
work is that of condensate- induced transitions [2^ , where 
the condensation of a bosonic particle induces confine- 
ment of a set of quasiparticles, thereby causing a tran- 
sition to a new phase. Topological phase transitions in 
various systems, including the quantum Hall hierarchies 
[3H7], interacting anyons [5HTP] and Levin- Wen models 
[TTl \TI\ . can be related to this mechanism. It is well 
known that 2-|-l-dimensional topological phases are inti- 
mately related to two-dimensional conformal field theo- 
ries (CFT) [13l[T4]. In particular, the topological charges 
carried by the bulk quasiparticles are in one-to-one cor- 
respondence with the primary fields of a CFT, which also 
describes the gapless edge modes of the topological phase. 
It is then natural to ask whether the condensate-induced 
transitions have a counterpart in critical one-dimensional 
systems that are described by CFT's. 

In this Letter, we answer this question positively and 
show that the framework of condensate-induced transi- 
tions applies in the context of critical one-dimensional 
spin chains. We demonstrate this by considering two 
canonical spin chains: the XY chain, introduced and 
solved by Lieb, Schultz and Mattis [15], and the trans- 
verse field Ising chain [161 Hi] 1 in which only the next- 
nearest-neighbor spins interact. The criticality of these 



chains is described by the ^(1)4 and the Ising x Ising 
CFT's, respectively, which are related by the conden- 
sation framework [2] when viewed as low-energy theo- 
ries of topological phases. We show that for periodic 
boundary conditions, these two spin chains differ at their 
critical points only by a boundary term that constrains 
the symmetry sectors of the transverse field Ising chain. 
We argue that these constraints, in effect, confine those 
CFT primary fields which correspond to bulk quasipar- 
ticles confined due to condensation. To demonstrate the 
generality of such relations between critical spin chains, 
we apply a similar confining boundary term to an XY 
chain with only next-nearest neighbor interactions and 
derive a critical microscopic spin chain with the pre- 
dicted w(l)2 X u(l)2 CFT behavior. The framework 
of condensate-induced transitions thus offers a powerful 
general framework for relating known critical spin chains 
and deriving novel ones from them. 

The transverse field Ising model - The critical trans- 
verse field Ising (TFI) chains that we consider are given 
by the Hamiltonian 

L-l 

^TFI ^^<^t + <^z<^t+n , (1) 

i=0 

where we assume periodic boundary conditions (PBC), 
cr£ = (Tq. For n = 1 we obtain the critical nearest- 
neighbor chain. This model can be solved via a Jordan- 
Wigner transformation, which transforms the Pauli oper- 
ators erf into fermionic operators c| and [THl HI] . The 
operators cj involve strings of Pauli operators, which we 
choose to start at site zero and end at site i. The parity of 
the number of fermions is a symmetry of the Hamilto- 
nian, and the corresponding symmetry operator is given 
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hy V = rii^o^ ~ ■ III terms of the fermions, the 

Hamiltonian reads 



by 



L-1 



L-2 



i/ipi = - 1) + E(^^ - + 4i) 

i=0 i=0 

-(-l)^(c^_i-ctj(c„ + 4). (2) 



The boundary conditions thus depend on the parity V: 
for odd F, one has = cq, while for even F, one has 
cl = —cq. In momentum space the Hamiltonian i?xFi 
takes the form (after a Bogoliubov transformation) 



where the cj^ create fermions with momentum fc. Due 
to the parity-dependent boundary conditions, these mo- 
menta take integer values for odd F, and half-integer val- 
ues for even F. The CFT describing the criticality of the 
TFI chain is the Ising CFT with central charge c = 1/2. 
This CFT has three primary fields, 1, a and ip, with scal- 
ing dimensions hi =0, hg. = 1/16 and /i^ = 1/2. The 
even fermion sector with V = 1 contains the states cor- 
responding to the primary fields 1 and ip, while the odd 
fermion sector V = —1 contains the states corresponding 
to the primary field a. We refer to [18 for more details 
on CFT. 

Setting n = 2 in ([!]), the model has only next- nearest- 
neighbor interactions. The chain decouples into two TFI 
chains on the even (e) and the odd (o) sites, each of 
which can be solved in the same way as the ordinary 
transverse field Ising model above. The fermion parity 
is conserved independently for the even and odd sites 
with the corresponding symmetry operators now given by 
Ve = Uj(^2j and To = Uj <^2]+i- The CFT describing 
the critical behavior is the direct product of two Ising 
CFT's (denoted as Ising^), with total central charge c = 
1. The correspondence between the symmetry sectors of 
H^pi and the primary fields of the Ising^ CFT is shown 
in Table m 
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1(4 
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Sectors of //tfi 





Ising^ fields 


(1,1) 


(i,i),(i,i/>),(^,i),(V,^A) 


(1,-1) 


(l,cr), {i>,a) 


(-1,1) 


{a, 1), {a,ip) 


(-1,-1) 


{a, a) 



Sectors of Hi^ 





11(1)4 fields 


1 


i, ^ 


-1 


A, A 



TABLE I. Left: The correspondence between the symmetry 
sectors of -H^tfi and the sectors of the Ising^ CFT. Right: The 
correspondence between the symmetry sectors of H^y a-nd the 
sectors of the w(l)4 CFT. 



The XY spin chain - The second spin chain we con- 
sider is the critical XY chain. Its Hamiltonian is given 



Tjn 



L-1 
i=0 



'i ' i+n 



(4) 



where r" denote the Pauli matrices acting on the site i. 
We assume periodic boundary conditions and even L. As 
above, the case n = 1 [n = 2) corresponds to a model 
with only nearest-neighbor (next-nearest-neighbor) inter- 
actions. The XY spin chain too can be brought into a 
diagonal form via a Jordan- Wigner transformation T5]. 
The operator T^' — Hi '^^ commutes with H^^. It again 
corresponds to the fermion parity and determines the 
boundary conditions. In momentum space, the nearest- 
neighbor XY chain is diagonal: 



HxY 



4y~^ cos 



4cfc 



(5) 



The spectrum of the XY chain at the critical point can 
be described in terms of the u(l)4 CFT of a chiral boson 
[18]. This CFT has central charge c — \ and contains 
four primary fields 1, A, A and tp with scaling dimensions 
/ij = 0, /lA = /i^ = 1/8 and h^ = 1/2. 

As illustrated in Table |lj states descending from the 
vacuum 1 and fermion ip primary fields appear in the even 
parity sector T^' — 1 while the states descending from the 
A, A fields appear in the odd parity sector = —1. For 
a chain of even length the operators = Ilf^o^ '''f ^nd 
= rii^o^ '''i commute with the Hamiltonian Eq. Q , 
with each other and with T^. So for even L, the sectors 
— ±1 each split into two sectors, which are degenerate 
in the case = — 1. 

We will show below that when a suitable boundary 
term H^^i is introduced, fff pj -f -^^tfi '^an be mapped 
exactly to H^y- The boundary terms we consider are 
non-local in the sense that they change the boundary 
conditions, depending on the symmetry sector, similarly 
to the boundary term in the n — 1 TFI chain in Eq. ([2|. 
To assign a physical meaning to the boundary term, we 
set the spin chains briefly aside and review the notion of 
condensate-induced transitions between gapped topolog- 
ical phases [2]. 

The condensation framework - In topological held 
theories, condensate-induced transitions proceed in three 
steps that we outline in the context of the Ising'^ theory. 
The labels 1, ip and a of an Ising theory should be un- 
derstood as topological quantum numbers of the quasi- 
particle excitations with the following 'tensor product', 
or fusion rules: 



ip X a — a, ip X — 1, a X (J = 1 + ip . 



(6) 



Fusion is symmetric (axb — 6 x a), distributive ((a + 6) x 
c = axc+bxc), associative (ax(5xc) = {axb)xc) and all 
particles fuse trivially with the vacuum label (a x 1 = a) . 
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The fusion rules of the Ising^ theory follow directly from 
the fusion rules of each Ising theory. 

In our example, the condensation is effected by iden- 
tifying the boson with the vacuum label (1,1). 
By definition, the vacuum should have trivial fusion and 
statistics with all the other particles. Thus, in order that 
('0,1/') behaves like the vacuum, the first step is to iden- 
tify all particles a and b that are related by fusion with 
it. That is, if a x {ip,ip) = b, then we set a = b. We 
arrive at a new set of particle types 1 — (1, 1) = (V", V"): 
tp = (l,f/') = (V', 1), CTi = ((7,1) = (cr, 0) and CT2 = 
(l,cr) = (■0,0'), while the particle {a, a) remains unaf- 
fected at this step. In the second step, one demands that 
all particles should have trivial statistics with the new 
vacuum. This is equivalent to demanding that identified 
particles with unequal conformal weights are confined. 
Since ft.(CT,i) = 1/16, but /i(cr,V') = 9/16, the particles cti 
and (72 are eliminated from the particle content of the 
condensed phase. At the third and final step, one ver- 
ifies that the remaining particles have consistent fusion 
rules, i.e. the new vacuum is unique and the fusion al- 
gebra closes. We find this not to be the case, because 
(a,a)x(a,a) = (1, 1) + (1, V;) + (V;, 1) + (V;, 0) = 2-i+2.0, 
which means that (cr, a) must branch into new particle 
types. The uniqueness of the vacuum can be satisfied 
if one replaces (cr, a) by A -I- A and demands that these 
particles satisfy the new fusion rules 

■0xA = A, 0xA = A, 0x0j=:i, 
AxA = i, AxA = AxA = -0. 

These are the fusion rules of the m(1)4 theory, which is 
the theory obtained from the Ising^ theory via a conden- 
sation transition [5]. 

Condensation and critical spin chains - As the topo- 
logical quantum numbers of the quasiparticles are in cor- 
respondence with the primary fields of the CFT that de- 
scribes the edge of the topological phase, the condensa- 
tion mechanism suggests a similar connection between 
the Ising^ and m(1)4 CFT's that describe the critical be- 
havior of the i^xpi and i?xY chains. To induce the same 
effect as condensing the (-0, tp) field we eliminate the sec- 
tors that contain the confined CTi and (T2 particles. This 
can be achieved by the boundary term 

H^Fl = {-Po - ^yi-2< + (^e - , (8) 

that couples the chains on the even and odd sites. 
Namely, the odd parity sector of one chain forces anti- 
periodic boundary conditions in the other, effectively 
changing the parity sector of the latter. It follows that 
the overall parity is even. Because the parity determines 
the sectors of the CFT description, we find that the sec- 
tors d\ and i72, with odd overall parity, are eliminated, 
as shown in table |TT1 

An explicit relation between the next-nearest-neighbor 
TFI and the XY chain can be obtained by a canonical 



Condensed phase BP^yi + ^tpi = ^xy 





Ising^ fields 


r 


m(1)4 fields 


(1,1) 


(l,l),(l,7/;),(i/.,l),(V',^) 


1 




(-1,-1) 


(g,o) 


-1 


A, A 


(-1,-1) 


(cr,a) 


-1 


A, A 


(1,1) 


(1,1),(1,7A),(,/>,1),(V',^) 


1 


1,7/; 



TABLE II. When the boundary term H^^i is added to //|pi, 
the boundary conditions on each chain depend on the parity 
sectors of both chains. The sectors of H^^i + ^tfi ^re thus 
labeled by {VeVoPPoVc), which reduces the number of sec- 
tors from four to two. Because {Ve,'Po)={T^ ,T^), the two 
surviving sectors map to the parity sectors of H\y labeled 
by — T^T^ . As shown in Fig. [T] the states in these sec- 
tors can be uniquely associated with the identified/branched 
states predicted by the condensation mechanism. 

transformation inspired by the one used in [19) for open 
chains. The non-local and site-dependent transformation 

— '''Ij'^lj + l ^2j + l — '''2j'''2j + l (9) 

I I 'J: „x I I II 

= ^2, + l = 11 T^ ^ 

i<2j i>2j + l 

on the spin variables in the TFI gives 

Htfi + Htfi = ■ (10) 

This establishes a microscopic relation between the two 
chains and is a central result of this work. 

To justify that -ffxFi indeed induces an analogue of 
a condensation transition, we show that the spectra of 
the surviving sectors encode also the two other defin- 
ing features of the mechanism: the identification and the 
splitting of particles (in addition to the confinement of 
the ai and (T2 sectors). To show this, we realize that ^ 
gives Ve = and Vo = , i.e. the sectors of 
chain correspond exactly to sectors of the -ffxy chain. 
For Ve = Vo = ^, the boundary term Eq. (|8| is zero, so 
in this sector, iJ^pi ^^d i?xY equal. In the other sec- 
tors, the energies differ, while the momenta of the states 
will in general be shifted, due to the change in bound- 
ary conditions. Fig. [l] shows that when the spectra of 
these models are plotted on top of each other and the 
individual states are labeled according to the CFT pre- 
dictions, we confirm the condensation picture. Namely, 
the identification brought about by the condensation is 
confirmed by noting that (0, 0) states map to the new 
vacuum 1 states, while states descending from (1,'0) and 
("0, 1) map to the new fermion ip states. The branching 
(cr, cr) — > A + A manifests itself as the two-fold degeneracy 
of all states corresponding to these fields. 

Deriving critical spin models - The condensation 
mechanism underlying the boundary term and the sub- 
sequent mapping between the n = 2 TFI and n = 1 XY 
chains suggests that similar mappings should also hold 
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FIG. 1. The low-part of the rescaled energy spectra of the 
n = 2 TFI chain (crosses) and the XY chain (squares) for 
L — 20. The spectra are symmetric under K —K. The 
brown crosses correspond to the sectors of the n = 2 TFI 
chain which become confined after the condensation. The 
blue, red and black crosses correspond to the (1, 1), {ij), 1) and 
(cr, a) sectors, respectively. The blue, red and black squares 
correspond to the 1, V' and A/A sectors of the XY chain. The 
dashed lines correspond to the energies predicted by CFT, 
namely E — h + h + k, where h, h are the left and right 
conformal dimensions of the primary fields and k is an integer. 
In the XY chain, h + h takes the values 0, 1/8, 1. 



between other critical spin chains whose CFT descrip- 
tions can be related by the condensation picture. We em- 
ploy this insight to derive a critical spin chain described 
by the m(1)2 x u(l)2 CFT. 

We start with the critical n = 2 XY chain, which is 
described by the m(1)4 x u(l)4 CFT, containing sixteen 
primary fields (compare to the n = 2 TFI chain). With- 
out going through the details of the condensation picture, 
we note that this CFT contains a bosonic field, {ip,ip). 
Condensation of this boson leads to a pairwise identifi- 
cation of the 16 fields. Four of the eight resulting pairs 
turn out to be confined, while none of the fields have to 
be split. In the end, one is left with a theory with four 
fields, whose scaling dimensions and fusion rules match 
those of the u(l)2 x u(l)2 CFT. 

To induce the counterpart of this transition in i?xYi 
again remove the odd fermion parity sectors that contain 
the confined fields, by introducing the boundary term 

Hir = {V i)irl^2rS + ^1-2^6') + 

(r/-l)(r£_,rf + r|„,rf). (11) 

Using the non-local transformation 



where the label j takes the values j = 0,1, . . . , L/2 — 1 
and p" are new Pauli matrices, we arrive at the local and 
translationally invariant Hamiltonian H^y + -f^xY — 
where H is given by 

L/2-1 

^= 5Z {p2jP2j + lP2j+2P23+3+P2j + lP2j+2 (13) 
+P2jP2j + lP2j+2P2j+3 + P2] + lP2j+2) ■ 

The resulting chain H can be solved by means of a 
Jordan- Wigner transformation, and we have verified that 
the critical behavior is indeed described by the u(l)2 x 
m(1)2 CFT, as predicted by the condensation framework. 
Although both the starting and resulting CFT's both 
have a direct product structure, the condensation mixes 
the two 14(1)4 factors describing the critical behavior of 
the n = 2 XY chain. We provide more details on the 
condensation transition of the n = 2 XY chain in a forth- 
coming publication |20j . 

Conclusions - We have shown that two copies of the 
critical transverse field Ising chain coupled by a bound- 
ary term can be related to the critical XY chain via an 
exact mapping. The key observation is that the coupling 
through the boundary term constrains the allowed sym- 
metry sectors of the two TFI chains in a manner that is 
analogous to the confinement induced by condensation of 
a quasiparticle in a 2D topological phase. Additionally, 
we have argued for the generality of the framework by 
applying a similar constraint to two copies of the critical 
XY chain to obtain a novel critical spin model with a 
m(1)2 X u(l)2 CFT description, as predicted by the cor- 
responding condensate-induced transition. 

We expect that the applicability of this framework ex- 
tends beyond our examples. Including in a critical spin 
chain a boundary term which eliminates the symmetry 
sectors that contain the confined primary fields, the criti- 
cal behavior of the resulting system can be predicted from 
the condensation picture. In the examples considered, 
we found non-local transformations of the spin opera- 
tors leading to manifestly local and translation-invariant 
Hamiltonians. A more general analysis, along the lines 
of Ref . [5T] , using methods of boundary conformal field 
theory should be possible. 
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